2023 Leo Schneider Student Team Competition (with solutions)

1. Take an integer greater than 9. Double its last digit and subtract this from the number formed by
the remaining digits. Prove that this difference is divisible by 7 if and only if the original number is
divisible by 7. For example, if our original number is 2023, we get 202 — 6 = 196, and repeating this
process gives us 19 — 12 = 7, which is divisible by 7. Therefore, 196, and hence 2023, is divisible by 7
(indeed 2023 = 7 -289). On the other hand, if our original number is 2024, we get 202 — 8 = 194, and
repeating this process gives us 19 — 8 = 11, which is not divisible by 7.

Solution. Let N = a,10" + a,—110" 1 + .-+ 4+ 110 + ag, where n > 0, 0 < a; < 9 for all 4, and
a, #0. Put N = a,10" ! +a,_110""2 + ... + a; — 2ag. Notice that 10N = N — 2lag. Therefore,
3N = N (mod 7). Since 3 is relatively prime to 7, we have that N is divisible by 7 if and only if N is
divisible by 7.

2. Let ABC be a triangle in which mZB and mZC' are both greater than 60°. Let BC'D be an equilateral
triangle, with D inside AABC, and let BEF be another equilateral triangle, with £ on AB and F'
on AC. Suppose, moreover, that triangles BC'D and BEF are congruent. Show that mZA < 30°.

Solution. Let § = m/A. Since BF = BC, ABC'F is an isosceles triangle and thus

m/ZACB = mZBFC
=180° — m£ZBFA
= 180° — (180° — § — m£LABF)
=0+ 60°

Therefore, mZABC = 180° — (6 4 60°) — 6 = 120° — 20. Since mZABC > 60°, this forces 6 < 30°.

3. Let A and B be different n x n matrices with real entries. If A3 = B3 and A2B = B?A, can A? + B?
be invertible? Prove your answer.

Solution. A% + B2 cannot be invertible.

Assume, by contradiction that A and B are different n x n matrices with real entries and that 42 + B?
is invertible, ie. (A% + B?)~! exists. Then,
(A% 4+ B))A = A® + B%A

=B+ B*A

=B®+ A’B

= (B*+A*B

= (A*+ B*)B
Multiplying both sides on the left by (A? + B?)~! yields A = B. But A and B were different, which
is a contradiction.

4. Find all right triangles with integer side lengths such that the area and perimeter of the triangle eval-
uate to the same number (with different units, obviously!).

Solution. Suppose the legs have length a and b. Then we wish to solve the equation

1
gab:a—l—b+\/a2—|—b2



over the positive integers. Isolating the radical, squaring both sides, rearranging terms, and factoring
gives us
ab(ab — 4a — 4b+8) =0,

which means that a = 4(b—2)/(b—4). Put u =b— 4. Then we have that a = 4 + 8/u. Since a and b
are positive integers, the only possible values for u are 1, 2, 4, and 8. So the only triangles that satisfy
our hypotheses are 5-12-13 and 6-8-10 triangles.

. Find a set of three consecutive odd integers {a,b,c} for which the sum of squares a? + b* + ¢? is an
integer made of four identical digits. For example, 2222 is an integer made of four identical digits and
{7,9,11} is a set of three consecutive odd integers.

Solution. We claim the set {41,43,45} satisfies the conditions. To show this, consider three consec-
utive odd integers, 2n — 1, 2n + 1, and 2n + 3. Let the sum of the three squares be 1111z where x is
the repeating digit, 1 < x < 9. We have,
(2n — 1)+ (2n+1)* + (2n +3)? = 1111z
(4n? —4dn+ 1) + (4n* +4n+ 1) + (4n® + 12n +9) = 1111z
12n% +12n + 11 = 1111z

Taking mod 2, we have x = 1 mod 2, so  must be odd.
Taking mod 3, we have z = 2 mod 3, so x = 2,5 or 8.
This means x must be 5 and 12n? + 12n + 11 = 5555. Solving this equation gives,

12n% +12n + 11 = 5555
12n? 4+ 12n — 5544 =0
n?4n—462 =0
(n—21)(n+22)=0

Since n must be odd, n = 21 and thus 2n — 1 =41, 2n + 1 = 43, and 2n + 3 = 45.

. A tangent line to the ellipse 22 4+ 4y = 4 meets the z-axis and y-axis at the points A and B, respec-
tively. Find the minimum value of AB, the length of the line segment with endpoints A and B.

Solution. Using implicit differentiation, we have y’ = —z/(4y). Therefore, the line tangent to this
ellipse at the point (z,yo) is given by
Zo
y=—5—(z—120)+ Yo
4yo(
Setting z = 0 gives
x2 22 + 4y 1
0 =200 _ -

Y= 0 — - ’
4yo 4yo Yo
and setting y = 0 gives
42 24 4y2 4
oo Wb _witdy 4
Zo i) ZTo

(Recall that since (zg,yo) is on the ellipse, we have x3 + 4y2 = 4.) Therefore, (AB)? = 16/22 + 1/y3.
We wish to minimize 16/z2 + 1/y2, for —2 < < 2, subject to the constraint 2% + 4y? = 4. This can
be done with Lagrange multipliers or with straight substitution. Omitting the details, the minimum
value of (AB)? occurs when 12 = 8/3 and y? = 1/3. At these points, (AB)? = 9, so our answer is 3.



7. Find fol x arcsin x dz.

Solution. Let I denote the above integral. Using integration by parts with v = arcsin x and dv = x dz,
we get
I x? ! / T g2 d
= —arcsinz| — = ——dx.
2 0 2 o V1-— xr2
Evaluating the first term and using the substitution sin§ = x in the second term followed by the trig
identity sin®# = (1 — cos(26))/2, gives

w/2
I = Z_}/ sin2 0 do
4 2 )
T 1 71'/2
= Z—Z/O (1 — cos(26))do
/2
™ 1 1 .
= 4—4(0—25111(20)) .
_ r_T
4 8
_ T
= 3

8. In a magical isosceles triangle AABC, we have |AC| = |BC|. Let D be the midpoint between A and
B. The inscribed circle of AABC intersects the line segment C'D in a point E that is in the interior
of the triangle. Suppose that |[AB| = 15 and |CE| = 8. Determine |AC)|.

Solution. Consider the following sketch of the triangle AABC with inscribed circle.

C

We let © = |AC|, r be the radius of the inscribed circle, O be the center of the inscribed circle, and

F' be the intersection of the inscribed circle with the segment BC. We note that the right triangle
15 15

ODB is congruent to the right triangle OFB. Since |DB| = EL it follows that |FB| = 5 So,

15
CFl=2— —.

Now, the smaller right triangle OFC'is similar to the larger right triangle BDC. Hence,

|OF| |CF| |CO|
|DB|~ |CD| | BC|




Substituting in our variables gives,

r x—15/2 r+8
15/2  2r+8 =z

On cross-multiplying the first and second fractions above, we find that

15 15

On cross-multiplying the first and third fractions above, we find that

15
m:?(r+8)
15
re = —r+60
2
15
—— ] =60
(-3)
, 1560
2 r

Substituting this into the equation above gives,

15 15
—_ 2 ) =2
5 <x 2) r(2r 4+ 8)
15 /60
? (’r) = 7"(2T+ 8)
450
— =22 4 8r
T
450 = 2r° 4 8r?
2r® +8r? — 450 = 0
4+ 4r* —225=0
(r—5)(r? +9r +45) =0

Using the quadratic forumla for the quadradic equation does not give real roots:

9+ /9 —4(1)(45)
"= 2
—9+ /8T =180

2
-9+ v-99
2

Thus the only real root to the original cubic equation is r = 5. Substituting this back into the equation
above allows us to solve for | AC |= z:

L 15 _ 60
2 r
15 60
r——=—
2 5
1
x7—5:1
2
39
r=—



9.

10.

Determine the number of ways that one can tile a 4 x 13 rectangle with 4 x 1 rectangles.

Solution. Let T;, denote the number of tilings of a 4 X n rectangle with 4 x 1 rectangles. The upper left
corner of the 4 x n rectangle is either covered with a vertical 4 x 1 rectangle, leaving a 4 x n—1 rectangle
left to tile, or a horizontal 4 x 1 rectangle with 3 horizontal 4 x 1 rectangles underneath it, leaving a
4 x n — 4 rectangle left to tile. Thus, forn > 5, T, =T,,_1 +Tp—4. Noting T3 = 1,75 = 1,73 =1 and
Ty = 2, we use the recurrence relation to get 15 = 3,75 = 4,17 = 5,13 = 7,T9 = 10,119 = 14,11, =
19, T12 = 26 and ﬁnally T13 = 36.

Katie and David are playing a game in which Katie rolls a fair n-sided die and David rolls a fair
m-sided die. Katie rolls first and the winner is the first person to roll a 1. Katie and David are equally
likely to win the game. How are m and n related?

Solution. The probability that Katie wins is % + ("—_1) (m—_l) (l) + (”—_1)2 (m—_l)2 (l) + .-+, an

n m n n m n

infinite geometric series which sums to W This must equal % and thus

1 1 1/n-1 m—1
n—f?( " )(m)
1 /n—-1 m—1\ n—2
2( n )( m )_ 2n
m—1 n-—2
m n-—1



2022 Leo Schneider Student Team Competition (with solutions)

1. Find (with proof) all whole number values of n so that the binary expansion of n! contains exactly
two 1’s.

Solution. This means that n! = 2% 4 2°, for some non-negative integers a # b. Reducing both sides
mod 7, we notice that 2% is congruent to either 1, 2, or 4 mod 7. This means that 2 4+ 2% can never
be congruent to 0 mod 7, and thus n < 7. Subsequently, n from 1 to 6 can easily be checked by hand.
Only 3! =4 + 2 and 4! = 16 + 8 satisfy the given condition.

2. Consider a game played on a finite sequence of positive integers in which two types of moves, A
and B, are allowed: A move of type A (“Add”) replaces two adjacent integers in the sequence by
their sum; for example (...,20,11,...) 4 (...,31,...). A move of type B (“Break up”) replaces
a multi-digit integer in the sequence by the sequence of its monzero decimal digits; for example,
(...,2021,..) 2 (..,2,1,1,..0).

The moves may be combined in any manner. For example, given the sequence (3, 14, 159, 26), a possible
sequence of moves is the following:

(3,14,159,26) —2— (17,159, 26) —2— (17,1,5,9, 26) —— (18,5,9, 26) —=— (18, 5, 35)
A A B A

(9,4) (1,3) (4)
Once the sequence is reduced to a single one-digit number, any further moves will leave it unchanged,
the game terminates, and we call the final number obtained the terminal number of the game. Sup-

pose this game is played on the sequence (1,2,3,4,...,2022). What is the terminal number? (For full
credit, you must also show that this number is unique.)

4, (18,40) —2 (18,4) —2 (1,8,4)

(13)

Solution. The key observation is that the remainder modulo 9 of the sum of all terms of the sequence
is an invariant under both moves. This is obvious in the case of a move of type A since such a move
leaves the sum of all terms unchanged. In the case of a move of type B, this follows from the divisibility
test for 9, according to which the sum of decimal digits of a positive integer is congruent to the integer
itself.

Since the terminal number is a single-digit positive integer, it is uniquely determined by the remainder

modulo 9 of the sum of all terms of the sequence. For the given sequence (1,2,3,...,2022), we have
2022
2022 - 2023
Zi:f:1011-202353-7:2153m0d9,

=1

So the terminal number for this sequence is 3.

3. Let f(z) = 2?4+ bx+c where b and c are real numbers between —1 and 1, selected uniformly at random.
What is the probability that both roots of f(x) are positive real numbers?

Solution. The roots of f(x) are given by —bkvbi—dc V;’L“, and thus the roots are both positive real num-
bers if and only if b2 > 4c, b < 0, and ¢ > 0. Considering (b, c) to be coordinates in the Cartesian
plane, the set of all possible values for (b, c) is represented by a 2 x 2 square with area 4. The set of

coordinates for which both roots are positive real numbers is represented by the region in the upper

left part of the square and under the curve ¢ = b?/4. This region has area f_ol %db = %\91 = 1—12

1

1
Thus, the probability both roots of f(z) are positive real numbers is % = 4.



4. Suppose that A and B are two n X n matrices. Prove that

(A+ AB7'A) '+ (A+B) =41

assuming that all these inverses exist.

Solution. First, note that (XY)~! =Y ~1X~! Now,

(A+ AB'A) '+ (A+B) ' =[AB Y B+ A)] '+ (A+B)™!
=(B+A)'BAT 4+ (A+B)!

=(A+B)'BA '+ (A+B)!

=(A+B)"Y(BA™' +1)

-

-

=(A+B) " Y(B+A4)A!
=(A+B)"'(A+B)A!
=A"1L

5. An urn contains 3 red balls and 2 blue balls. A second urn contains 2 red balls and an unknown
number of blue balls. Two balls are drawn at random from the first urn and placed in the 2nd urn.
A ball is then randomly drawn from the 2nd urn and the probability that it is blue is %. How many
blue balls are initially in the 2nd urn?

Solution. Let B be the number of blue balls in the 2nd urn. The probability of drawing two red balls

() _

from the first urn is o= % and then the probability of drawing a blue ball from the 2nd urn is %'

3\ (2
The probability of drawing one red ball and one blue ball from the first urn is (1()5()1) = S and then
2

10
the probability of drawing a blue ball from the 2nd urn is g—ﬁ. The probability of drawing two blue
2
balls from the first urn is % = %0 and then the probability of drawing a blue ball from the 2nd urn
2
is g—ﬁ. Therefore,

3. B 6 _B+1 1 _ B+2 4

— X = — X — ;
10 B+4 10 B+4 100 B+4 5
which means 3B+ 6B+6+B+2=8B+32, or B =12.

6. Given an equilateral triangle AABC with sides of length 1 unit and with an arbitrary interior point
P, draw the line segments PD, PE and PF that are perpendicular to the 3 sides of the triangle. Let
s =PD + PE + PF, the sum of the lengths of the 3 segments. Find the minimal value of s.

Solution. For any interior point P, s = @ Draw segments from each of the vertices of AABC to

the point P. These segments will partition the equilateral triangle into 3 smaller triangles and thus
the area of the equilateral triangle is equal to the sum of the areas of these 3 smaller triangles. Thus,

Y3 — 1PD.14LiPE-1+1PF.1=LY(PD+ PE + PF). Hence, s = ¥2.



7. Find [In(z + V2?2 — 1) du.

10.

Solution #1. Here, we first notice that vz2 — 1 suggests substituting x = sec(f), Then dx =
sec(f) tan(f)df. Then, since V2 —1 = /sec(§)2 —1 = y/tan(f)?, this turns the integral into
J In(sec() + tan(f)) - sec(d) tan(f)dh. But now, In(sec(f) + tan(f)) is exactly the integral of sec(6).
So we can solve this integral with integration by parts by setting v = In(sec(d) + tan(f)) and
dv = sec(f)tan(f), so that v = sec(d) and du = sec(f). Then the integration by parts formula
gives us [ In(sec(f) + tan(f)) - sec(d) tan(f)df = sec() In(sec(d) + tan(d)) — [ sec(d)?, which simpli-
fies to sec(0) In(sec(#) + tan(f)) — tan(f). Converting back to x’s using the fact that sec(d) = x and
tan(f) = Va2 — 1, we get xln(z + Va2 — 1) — Va2 — 1+ C.

Solution #2. We use integration by parts with u = In(x + v/2? — 1) and dv = dz. Then v = z, and

1+ ——5— 1
du = 2l gy = dz.

T+ Va2 —1 2 —1

Therefore,

/1n(:c+ 22 —1)dz xln(x+\/ﬁ)—/\/%dx

= zhn(z+Va22—1)— V22 -1+C.

Show that 2022 divides 6769 — 1024.

Solution. Let n = 676'° — 1024. Since 2022 = 2 - 3 - 337, we need to show that 2, 3, and 337 divide
n. Notice that n = (2-338)10 — 210 = 210(33810 _ 1), 50 it is clearly divisible by 2. Working mod 337,
we have 33810 — 1 = 119 — 1 = 0; and working mod 3, we have 33810 — 1 = (-1)1° -1 =0.

In polar coordinates, r = 14 cos € describes a cardioid. Find the maximum (vertical) distance between
this cardioid and the z-axis.

Solution. We wish to maximize y = rsinf = (1 4 cosf)sin 6, for 0 < 6 < 7. Using the product rule
and the fact that sin? @ = 1 — cos? 0 gives us

y' =2cos?f+cos — 1= (2cos0 — 1)(cos + 1),

so the maximum value of y occurs when # = 7/3. At this point, y = 3v/3/4.

The quadrilateral ABCD is partitioned into four triangles by means of the diagonals AC' and BD.
The areas of three of the triangles are indicated in the figure below.

7

D
/ 80
150
A

What is the area of the quadrilateral?



Solution. Let P be the point of intersection of the diagonals, as shown below.

B

In general, let (XY Z) denote the area of triangle XY Z. Let hp be the altitude from D to AC, and
let hp be the altitude from B to AC. Then,

(APD)  3(AP)hp  (AP)

(CPD)  1(CP)hp (CP)
and,

(ABP) _ 3(AP)hp _ (AP)

(CBP)  LcP)hg (CP)
So,

80 (AP) 150

(CPD) ~ (CP) 180
Thus, (CPD) = 96, and the area of the quadrilateral is 180 + 150 + 80 + 96 = 506.



2020 2021 Leo Schneider Student Team Competition (with solutions)

1. Find the last two digits of 2021! + 2020! 4+ 2019! + - - - + 2! + 1.

Solution. Working (mod 100), we need the last two digits of 1! +2!+---+9!'=1+2+6+
24 4+20420 440+ 20 + 80 = 213 = 13.

2. Find % V1 + 1+ ada.

Solution. We use substitution with u = /1 ++/1+2z. Then (u? — 1)> = 1 + z and so
2(u? — 1)2udu = dx. Then

8 2
/ V1i+Vidaodr = 4/ (u* — u?) du
—1 1
Y
) 3

252
15

3. How many sequences of length 10 consisting of letters drawn with replacement from the set

{M,A,T H} have the letters in alphabetic order?

Solution. This involves counting arrangements of indistinguishable letters into 4 distinct,
some possibly empty, boxes (one box for each letter in the set). We can imagine this using
the traditional “stars and bars” argument in combinatorics, by determining which of the
10+4—1 = 13 positions (the 10 locations of the sequence plus 3 bars splitting up the letters)
to place the 3 bars. Once the arrangement has been set, each bar represents the point where
the sequence jumps to the next letter in the alphabet. (For example, s s || % | %% % % would

represent the sequence AAAAAMTTTT.) Thus, there are (133) = 286 different sequences.

4. Find the sum of the digits of the number 94994999+ --- +999 - - - 9, where the last number

in our sum consists of 2021 9s.

Solution. We can write the sum as

(101 = 1) + (102 = 1) + (103 = 1) 4+ --- 4+ (1022 — 1) = 10+ 10% +10% 4 --- 4 1022 — 2021

= 111---10 — 2021,



where the first number in the last line has 2021 1s.

Since 111110 — 2021 = 109089, our original number is 111 --- 109089, where there are 2017
1s. The sum of this number’s digits is therefore 2017 + 9 4+ 8 + 9 = 2043.

t 1—t
. The matrix M = has 1 as an eigenvalue. What are the possibilities for the other
1 2t

eigenvalue?

Solution. The characteristic polynomial of M is (t—\)(2t—\)—(1—t) = 2t2—3tA\+(t+A12—1).
Since A = 1 is a root of this polynomial, we know 2t> — 2t = 0. This gives t = 1 or t = 0.
0 1

10
Checking these possibilities give M = , which has eigenvalues 1 and 2, or M = )
1 2 10

which has eigenvalues 1 and —1. Thus the possible second eigenvalues are 2 or —1.

(Note: This problem can also be reasonably solved using the determinant and trace of M

T T
itself, or by assuming M - = and deducing a relationship between = and y.)

Y Y

. Suppose a and b are real numbers such that

sin? 1

m —-7---:= .
z—0 e —br — 1 2

Determine all possible ordered pairs (a, b).

Solution. Since sinxz = 0 when = — 0, the given limit must be in indeterminate form, %.
So, by L’Hopital’s Rule,

sin? x . 2sinxcosx

im —— im
z—=0e% —phpr —1 =0 ae®® —b
Now, note that as x — 0, 2sinxzcosz — 0 but ae® —b — a — b. So if a # b, the limit is 0,

so we let a = b. Then, by L’Hoépital’s Rule again, we get

sin® x . —2sin?z+2cos?x
im —— = lim 5
z—=0e —br —1 2—0 a?ear

. 2(cos® x — sin? )
= lim 5

x—0 a-ed®

2(1 - 0)

a2

==

Then, a% = 1 means a® = 4 so a = £2. Thus, the only solutions are (2,2) and (-2, —2).



7. Consider the following right triangle, with m(BC') = 12:

A

c- 12 P

A semicircle is drawn with a diameter along side AC. One endpoint of the diameter is C,
and the other is exactly one unit away from A. If the semicircle is tangent to side AB, find

the radius of the circle.

Solution. Let O be the center of the circle, and let D be the point of tangency along AB.
Let r denote the radius of the circle and y the length of AD. Then AAOD is a right triangle,
with m(AO) = r+1 and m(OD) = r. Then by the Pythagorean theorem, (r +1)% = y% +172,
or 42 = 2r + 1. But also, AAOD is similar to AABC, so that 4= 2%1. Solving for y

2
and squaring gives y? = (W) . Setting this equal to 2r + 1, we can reduce to the cubic
2r3 + 12 — 144 = 0. This has only one real root 7 = 4. (This means AABC has side lengths
9, 12, 15, and AAOD has side lengths 3,4,5.)

8. Let f(z) = zcosz. Find, with proof, f(202)(0), the 2021st derivative of f evaluated at 0.

Solution. The Taylor series of f, centered at 0, is given by

Since the coefficient of the 222! term is ﬁ, we have that

1
(2021) 0y = 2021! - — 2021.
! (0) =20 50201 ~ 20

(Alternatively, one can show by induction that
FE ) (1) = (=1)"(—wsinz + (2n + 1) cos z),

for all n > 0, and then plug in n = 1010 and =z = 0.)

9. Let P(z) be a quadratic polynomial with real coefficients such that P(3) = 2021 and
P(x) = P(0) + P(1)x + P(2)x?

for all real x. What is P(—1)?



10.

Solution. Plugging x = 1 and x = 2 into the given equality yields the system of equations,
P(1) = P(0) + P(1) + P(2) and P(2) = P(0) +2P(1) + 4P(2)

The first equality simplifies to P(0) = —P(2) and plugging this into the second equation
yields P(1) = —P(2). So, we have the equality,

P(z) = —P(2) — P(2)x + P(2)2* = P(2)(2® — 2 — 1)
Now, since P(3) = 2021, we have,
2021 = P(2)(32 =3 —-1) = 5P(2)

so P(2) = 222 Finally, P(z) = 22(2? — 2 — 1), 50 P(-1) = 22 (1 +1—1) = 22,

You roll three fair six-sided dice. Find the probability that the product of the three numbers

rolled is a perfect square.

Solution. Let NV be the product of the three dice. The only possible square values of N are
1, 4, 9, 16, 25, 36, 64, 100, and 144. The only way to get N = 1 is to roll three ones, and
the only way to get N = 64 is to roll three fours. There are three ways to get each of N =9
(two threes and a one), N = 25 (two fives and a one), N = 100 (two fives and a four), and
N = 144 (two sixes and a four). There are six ways to get both of N = 4 (either two ones
and a four or two twos and a one) and N = 16 (two fours and a one or two twos and a four).
Finally, there are twelve ways to get N = 36 (either two sixes and a one; two threes and a

four; or one two, one three, and one six).

Therefore, in total, there are 38 ways (where order matters!) to have N be a perfect square,

and our probability is % = % ~ 0.176.



2019 Leo Schneider Student Team Competition (with solutions)

1. For each a < 0, consider the line perpendicular to the curve y = 22 at « = a. This line intersects the
curve at another point. Find the minimum possible value of the z-coordinate of this second intersection

point.

Solution: Since the slope of y = 22 at a is 2a, the slope of the perpendicular at this point is —1/(2a).

The equation of the perpendicular is then
9 -1

y—a :%(x—a).

Therefore, the z-coordinate of the second intersection point satisfies

-1
22— "t a)
x‘—a 2a(x a)

Thus, © = —a — ﬁ Using calculus, we see that this function attains its minimum value of v/2 when

a=-1/ V2.
2. Comput / S—
. Compute | ————=dx.
P T+ z
Solution: We make the rationalizing substitution ¢t = ¢/z, so that x = t% and dz = 6t°dt. Then the
%. From long division, this is equivalent to f6t2 —6t+6— Hildt.
Finally, we can integrate directly to get 2t — 3t? 4+ 6t — 61In |t + 1|. Substituting back in for t, we get

2z —3Yx+ 6z —6ln| Y+ 1]+ C.

integral becomes [ %dt =

3. Find the value of / (4) dx, where |z] is the floor function, which gives the largest integer
0

less than or equal to x.

=]
Solution: Note that f(z) = (i) is a step function with value (3/4)° on [0, 1), value (3/4)! on [1,

2), value (3/4)% on [2, 3), ... Thus we can write the integral as a Riemann sum as follows:

00 |z ] o n
3) (3> 1
- dx = - = = 4.
I (G > (5) =1

4. Three people, named A, B and C, throw a die alternately. First A throws, then B, then C, and this
keeps repeating. What is the probability that A throws the first six, B the second six and C the third

six?

Solution: To find the exact probability, the probability that A throws a 6 on the first try is 1/6.
Their probability of rolling the first 6 on the second try is (5/6)% * 1/6. (This assumes that on the
first time through, no one throws a 6, which has probability (5/6)3, but then A does throw a 6 on
the second time through.) Continuing in this way, the total probability that A throws the first 6 is
1/6 +1/6(5/6)3 + (1/6)(5/6)° + .... This is a geometric series with ratio (5/6)3, so it converges to
36/91. Then if A throws the first 6, the process starts over but now B is going first. So their probability
of rolling the next 6 is also 36/91. The same reasoning applies to C if B throws the second 6. So the
total probability that the first three 6’s come up for A-B-C is (36/91)3.



5. Six regular hexagons surround a regular hexagon of side length 1 as shown. What is the area of
ANABC?

Solution: Label points F and F' as shown in the figure, and let D be the midpoint of BE. Because
ABFD is a 30-60-90° triangle with hypotenuse 1, then length of BD is § Therefore, the length of
BC' (4 times the length of BD) is 2v/3. The formula for the area of an equilateral triangle with side

length s is ?sz. Thus, the area of AABC is %(2\/5)2 = 3V/3.

- 1
Find lim _—
naoo;:O vVn2+k
Solution: For 0 < k < n we have vVn2 +n > vVnZ + k > v/n2, or
1 1 1
< < -
VnZ4+n T Vn2+k " n

Therefore n
n+1 < 1 < n + 1;
vn?+n P n?+k n
n
and, by the Squeeze Theorem, lim 1+k =1.

n—oo = V¥
7. A two-digit number is uniquely determined by the answers to the following yes/no questions.
1. Is the number divisible by 27
2. Is the number divisible by 3?7
3. Is the number divisible by 5?7
4. Is the number divisible by 77

¢

If the answer to the first question is “yes”, what is the number?

Solution: Looking at all 16 possible combinations of yes/no answers, we see that only two of them

(NNYY and YNYY) yield a unique two-digit number. YNYY yields the number 70.



8.

10.

Write 2019 as the difference of squares of positive integers in two different ways.

Solution: Suppose 2019 = a? — b*> = (a — b)(a + b), for some positive integers a and b. Since
2019 = 1(2019) = 3(673), we have either ¢ +b=2019 and a —b=1,0r a +b =673 and a — b = 3.
In the first case we get a = 1010 and b = 1009, and in the second case we get a = 338 and b = 335.
Therefore

2019 = 1010% — 1009° = 338% — 335,

What is the largest integer a such that 7 divides 1000! ?

Solution: Since 994/7 = 142, there are 142 multiples of 7 in the product 1000!. However, this includes
the 20 numbers 49,98, ...980 which contain an additional factor of 7, and then 343 and 686, which
contain yet another factor of 7. Thus, the total number of factors of 7 in 1000! is 142 + 20 + 2 = 164.

The base 5 representation of a positive integer has 3 digits. Reversing those digits gives the base 7

representation of the same number. What are the possible base 10 representations of that number?

Solution: The number can be expressed as
a-5°+b-5'+¢c-52=c- T 4+0b- 7" +a-7°

which reduces to 48a + 2b = 24c, or 24a+b = 12¢. Since a, b, and ¢, must be integers between 0 and 4,
we can rule out the cases where cis 0, 1, and 3, as they lead to values of b that are outside of our range.
So ¢ must be 2 or 4. If ¢ = 2, then b = 0 and a = 1, which means the number is 1 +0-542-5% = 51.
If ¢ = 4, then b = 0 and a = 2, which means the number is 2 +0-5 + 4 - 52 = 102. Thus the possible

base 10 representations are 51 and 102.



2018 Leo Schneider Student Team Competition (SOLUTIONS)

. ?
1. Flnd/M dz.

Solution. We can substitute u = 23 + 1, so that du = 322 dz, and u — 1 = 23. This means 2° =

1 -1 1 /1 1 1 1
2(u—1) du. Then the integral becomes 3 / u? =3 / E*ﬁdu =3 (ln(|z3 +1]) + 333—1-1) +C.

. Evaluate the following limit:
sin arctan x — tan arcsin x

11m A . .
z—0 arcsintanx — arctansinx

Solution. Computing the limit is possible if we remember (or calculate) the Taylor series for the
functions:

3
x
sinx =x — 37 + terms of order 5 or higher

3
tanz =z + % + terms of order 5 or higher

73

3!
23
arctanx = x — 37 + terms of order 5 or higher.

arcsinz = x + + terms of order 5 or higher

After composition and some manipulation, we get

—a3 + terms of order 5 or higher _ 1

h—0 x3 + terms of order 5 or higher

. Let (1 + \/E)n = A, + B,V/?2 with A,, and B,, rational numbers.

(a) Express (1 - \/§)n in terms of A,, and B,,.

(b) Compute lim —=".

n—co n
Solution.
(a) Prove by induction that (1 —+/2)" = A4, — B,V2.
(b) Since (1 ++/2)" = A, + B,v2 and (1 — v/2)" = A,, — B,\/2, solve to find:

(1+V2)"+ (1 —V2)" (1+ﬂ)”—(1—x/§)”.

An: ; Bn:
2 2v2

So,

A 1 2)" 1—~2)" 1 "

A _ s UEVD 4 (1=VA" _ o L4a

B, (1+v2)" — (1 —v2)n 1—an

1—-v2 A,

Wherexzi\[. Since |z| <1, 2™ — 0 as n — co. So lim =% = /2.

. You roll three fair dice. Find the probability that some subset of the numbers you rolled sums to 3.

(This includes possible rolls such as 1, 5, 3.)

Solution. We will count the number of combinations, out of the 63 total combinations, that “win”.
63 — 5% = 91 contain at least one 3. Of those remaining, if the first roll is a 4, 5, or 6, then the next
two rolls must be a 1 and a 2 (in either order). This gives us 6 more winning rolls. If a 2 is rolled

followed by a 1, then the third roll can be anything (other than a 3, which was already counted). If a



2 is rolled followed by anything other than a 1 or a 3, then the third roll must be a 1. This gives us 9
more winning rolls. If a 1 is rolled followed by a 2, then the third roll can be anything (other than a
3, which was already counted). If a 1 is rolled followed by a 4, 5, or 6, then the third roll must be a
2. This gives us 8 more winning rolls. This leaves 1,1,2 and 1,1,1 as the last two winning rolls. The

answer is therefore
919+6+9+8+2 116 29

63 T 216 54

. What is the probability of an odd number of sixes turning up in a random toss of n fair dice?

Solution. For 0 < k£ < n, the probability of k sixes turning up in a random toss of n fair dice is

BIOMOR

hence, with a = 5/6 and b = 1/6, the required probability is

n n n
P = n—1 n—3p3 n=5p5 | ...
<1>a b+<3)a b —|—<5>a b° +

= sum of the even-ranked terms in the expansion of (a + b)"

1
= @t~ (et}

1 2\"
-6}

2 3
. AABC satisfies AC = 1 and ZACB is right. Points D and E are on AB with CD and CFE trisecting
/ACB. Suppose, moreover, that AB is the smallest integer such that AD, DE, and EB are distinct
rational numbers. Find AB.

Solution. Without loss of generality, let D be between A and E. Put k = AB and § = Z/BAC'. Then

sinf = 7”“;_1 and cosf = % Using the Law of Sines on AACD gives us

AD 1 1

1/2  sin(150° — ) 11 VB VT

or AD = Similarly, using the Law of Sines on ABEC, we get EB = —EYk—1_

k
1+v3Vk2-1" VEZ=1+/3"
Now, k = 2 gives us AD = % and EB = 1. But this means that DE = %, so the distinctness property
is violated. The next value of k that “works” is k = 7, which gives us AD = 1—73, EB = 2—58, and
_ 56 _
DE = g. So AB=T1.
-1 2018 -1
. Let A= and u = . Compute A?%18q,
0o -1 0
Solution. We first compute Au:
-1 2018 -1 1 -1

Au = = = — — _—u
0 -1 0 0 0

Thus, Au = —u. Repeatedly using this results, we have:

A%?u= A(Au) = A(—u) = —Au= —(—u) =u
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Atu= A(A%u) = A(—u) = —Au= —(—u) =u

—u if nis odd
So, A"u =

u if n is even

-1
0

A2()18

Therefore, u=u=

Find all integers c¢ such that x2 + c divides z® 4+ 422 — 2 — 4. Explain why you have found all the

answers!

Solution. If 22 + ¢ divides 23 + 422 — 2 — 4, then the quotient must be a linear polynomial with
leading coefficient 1, so 2® + 422 —x — 4 = (2% + ¢)(x + a). Then we must have ac = —4 and ¢ = —1,

so that a = 4. This factorization does work, so ¢ = —1 is the only solution.

Given that |x] is the greatest integer that is less than or equal to x, find the following integral:

2 x
/o x| — 2L§J dx.

Solution. Since |z] is 0 for 0 <z < 1 andis 1 for 1 <z < 2, and similarly [gJ is 0 for 0 <z < 2,

the function we are integrating looks like a step function which is 0 for 0 <z <1l and 1for 1 <z < 2.

/Ozm—zgj dx:/olde+/121dx:1.

Integers z, y, and z satisfy « + 2y + 3z = 60, 4= + 5y = 60, and z > 0. What is the maximum value

Thus the integral is:

of the product zyz?

Solution. Solving the given system for x and y gives us = 5z — 60 and y = 60 — 42. Then
xyz = —z(bz — 60)(4z — 60). Since z > 0, the maximum value of this cubic occurs between its two
largest roots: z = 12 and z = 15. When z = 13, x = 5 and y = 8, giving us zyz = 520. When z = 14,

x =10 and y = 4, giving us zyz = 560. The maximum value of zyz is 560.



2017 Leo Schneider Student Team Competition (SOLUTIONS)

1. Find
[ e
——dx.
4 Vr(r—1)

2

Solution. The substitution u* = x transforms the integral into

2
du.
/2 w21

We can rewrite this definite integral using partial fraction decomposition to get

/OO 1 1 uw—1]
— du = In
9 u—1 wu+1 u+1],y

1
= Inl—-In-
n n3
= In3.
2. If
-1 1‘3 1‘6 _l‘ 1‘4 1‘7 _1‘2 1‘5 1‘8
S I TR T TR T T TR
prove that

w403+ w? — 3uvw = 1.

Solution. The power series for u, v, and w converge for all x, and

du dv dw

—=w, —=u, — =0
dz T dx T dx ’

as we see by differentiating them. Letting
f=u®40> 4w - 3uvw,
we have

= 3u*u + 30 + 3w’ — 3uvw’ — 3uv'w — 3u'vw

= 3u?w + 3v2u + 3w?v — 3uv? — 3u’w — 3vw? = 0.

Thus f = constant. But £(0) = (u(0))3 =1, so f(x) =1 for all z.

(2(n+1))
3. Find lim o
e (n+1)
Solution.
2(n+1) 9 2! Min— 1)
n—00 (n+1) n—oo (n+ 1)!(n+ 1)! (2n!)
~ lim (2n+2)(2n+1) _4

n— oo n(n + 2)



4. Jason has an 8 a.m. class this semester, and he is not a morning person. If he wakes up before 7:30,
he showers in the morning 60% of the time, but if he wakes up after 7:30, he showers only 10% of the
time. He only manages to wake up before 7:30 25% of the time, but when he does, he makes it to
class on time 80% of the time. When he doesn’t wake up before 7:30, he only makes it to class on
time 30% of the time. Assuming that on a given morning he takes a shower, what is the probability

that he makes it to class on time?

Note. Thanks to Professor Larry Robinson at ONU for pointing out a flaw in the problem. Not

enough information is given to find the solution. Can you find the flaw in the following solution?

Solution. Let A be the event that he wakes up on time, let B be the event that he showers in
the morning, and let C be the event that he makes it to class on time. We are given P(A) = .25,
P(B|A) = .6, P(B|A") = .1, P(C|A) = .8, and P(C|A’) = .3. Then, we use Bayes’ theorem to

compute
P(ANB) 15

(ANB)+ P(AANB) 15+.075

P(A|B) = 2/3.

and
P(A'|B) =1/3.

Then, we compute P(C|B) = P(C'NA|B)+ P(CNA'|B) = P(A|B)P(C|A) + P(A'|B)P(C|A’), which
is 2/3-.841/3-.3 =153

5. Two points are chosen at random (with a uniform distribution) from the unit interval [0,1]. What is

the probability that the points will be within a distance of 1/8 of each other?

Solution. The probability is the area of the region defined by 0 <2 <1,0<y <1, and |z —y| <1/8
(divided by the area of the unit square). But this is 1 —2- (1 — (1/8))2/2 = 2(1/8) — (1/8)2.

6. Michael Phelps’ favorite hobby in his offtime is alchemy. He has a machine that can change 1 gold
medal into 2 silver and 3 bronze, another machine that can turn 1 silver medal into 2 gold and 1
bronze, and a third machine that can turn 2 bronze medals into 3 gold and 1 silver. Starting with the
23 gold medals, 3 silver medals, and 2 bronze medals that he already has, can he use his machines to
end up with a total of exactly 27 gold medals, 17 silvers, and 18 bronzes? Find a sequence of uses of

the machines that accomplishes this or explain why it can’t be done.

Solution. A series of transformations using these machines can be described as a linear combina-
-1 2 3

tion of the vectors | 2 |, |—1|, and | 1 |. (The first entry in each vector describes the change in
3 1 -2

the number of gold medals, the second describes silvers, and the third bronze.) Michael wants to add

4 gold medals, 14 silvers, and 16 bronzes to his collection. Thus we want a solution of

-1 2 3|« 4
2 -1 1| |y|l=|u
31 —2| |z 16
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However, solving this system gives the unique solution @ = 13/2,y = 3/2,z = 5/2. So this series of

transformations is not achievable since fractional numbers of uses of the machines are impossible.

Ten equally spaced points are marked around the circumference of a circle. Consider connecting them
into decagons two ways: first, by connecting all the nearest pairs of points, and second, by connecting

every third point.

Prove that the difference in side lengths of these two decagons is equal to the radius of the circle.

Solution. Geometric solution (draw just the right lines and it falls out via parallelograms!)
D C

Find the largest integer that divides p? — 1 for all primes p > 3.

Solution. If p = 5, then p?>—1 = 24, so the answer must be a divisor of 24. Since p?—1 = (p+1)(p—1),
and p > 3 is odd, one of (p+1) and (p — 1) will be divisible by 2 while the other will be divisible by 4.
So the answer will be either 8 or 24. Furthermore, since p > 3 cannot be divisible by 3, either (p + 1)
or (p— 1) must be divisible by 3. Thus the answer is 24.

What is the smallest number divisible by 225 that (written in base 10) contains only the digits 1 and

0?7 Explain your answer.

Solution. Since 225 = 25 -9, the number in question must be divisible by 25, so that its final
two digits are 0’s, and the sum of its digits must be divisible by 9. The smallest such number is

11,111,111,100.

A sequence begins with a1, as, and for n > 2 is defined by a,, = a,,—1 — a—2. Find the sum of the first

2016 terms and defend your answer.



Solution. From the recursion we can write out some terms,
ap,az,az2 —a, —ai, —a2,a1 — az, a1, az, ...

to see that the sequence of terms will be periodic. Now let’s look at S,,, the sum of the first n terms.

Writing out some terms
ai, ay + as, 2@2, 20,2 —aj,az —ag, 0, a1, ag,....

we see that it is periodic with Sgi = 0 for all k. Since 2016 = 0 (mod 6), we have that S2g16 = 0.



2016 Leo Schneider Student Team Competition (SOLUTIONS)

1. Neither Mathematica nor Maple can find the exact value of the following definite integral. Can you?

We think you can. Do it!
2
/ (322 — 3z + 1) cos(z® — 327 + 4o — 2) du.
0
Solution: We first split up the integral as

2 2
/ (32% — 62 + 4) cos(z® — 322 + 4o — 2) dx + / (32 — 3) cos(x® — 32% + 4o — 2) dx,
0 0

If we set u = 2% — 322 + 42 — 2 in the first integral, we get fEQ cos u du which equals 2sin(2).

If we set v = x — 1 in the second integral, we get f_ll 3v cos(v3 +v) dv. Applying the definition of even
and odd function shows cos(v® + v) to be an even function, which means that v cos(v® + v) is an odd

function and the second integral is 0.

Therefore, the original integral is equal to 2sin(2).

2. In a certain group of cancer patients, each patient’s cancer is classified in exactly one of the following

five stages: stage 0, stage 1, stage 2, stage 3, or stage 4.

(a) 75% of the patients in the group have stage 2 or lower
(b) 80% of the patients in the group have stage 1 or higher

(¢) 80% of the patients in the group have stage 0,1, 3, or 4.

One patients is randomly selected. Calculate the probability that the selected patient’s cancer is stage

1.

Solution: Let p; be the probability that a randomly chosen patient’s cancer is in stage i for i =
0,1,2,3,4. Combining the given information and the fact that the probabilities must sum to 1, we

have that

po+p1+p2t+ps+pa=1
po +p1+p2 = 0.75

p1+p2 +p3+ps =030

Po +p1 +p3+ps=0.80

Therefore, we know that

Po=Po+pi+p2+p3s+ps) —(p1+p2+p3s+ps)=1-08=0.2

and that
p2=(po+p1+p2+p3+ps)—(po+pr+p3s+ps)=1-08=02

from which we can conclude that

p1=0.75 — po — p2 = 0.75 — 0.2 — 0.2 = 0.35.



3. Compute

\/7/3 \/ /3
/ sinz? dx —|—/ 2% cosz? d.

0 —\/7/3

Solution: We have

\7/3 \/7/3 \7/3
/ sin 22 dm+/ 2 /

2% cosz? dx

\V7/3 d
[sin 2? 4 z cos x? - 2x] dox = / d—(m sinz?) dx
0 €Z

22 cosz? dx =
0 —\/7/3 0

/%W

0

/%%

0

sinz? dz + 2

= wsinz?|} T/ V2.

4. Let a1, ao, as,--- be the increasing sequence of positive integers that are divisible by 2 or 5. The

sequence begins 2, 4, 5, 6, 8, 10, 12, 14, 15, 16, ... Compute the sum of the following series.

Solution: By inclusion-exclusion,

=1 =1 =1 =1
Zgan = ZﬁJFZQﬁ—ZQW
k=1 k=1 k=1

n=1 =
o 1/4 1/32 1/1024
To1-1/4 T1-1/32 1-1/1024
11 1
T 3731 10
373
= 1%

5. Find all integer solutions (z,y) to the equation xy = 5z + 11y.

Solution:
First, if we re-write the equation xy = 5x + 11y as xy — bz — 11y = 0, we can add 55 to both sides to
get zy — bx — 11y + 55 = 55. So we have

(z —11)(y — 5) = 55.

Now, x and y are supposed to be integers, so x — 11 and y — 5 should also be integers. Thus, the
question is, how many different pairs of integers can we find whose product is 557 There are eight
pairs:

(5571)3 (755371)7 (1355)3 (717755)3 (5311)a (757*11)3 (1135)7 (711775)'

If x — 5 is to represent the first number and y — 11 is to represent the second number, then solving for

x and y in each pair yields the eight possible solutions
r=0606, y==6 r=—-44, y=4 x=12, y =60

r=10, y=-50 x=16, y=16 =6, y=—6

r=22, y=10 =x=0, y=0.



6. Find

woo(ﬁW \/HW +¢ﬁlm>

Solution:

i (e Jﬁ\/lnT \/ﬁi/%)
:nh—>n<>lon<\/n+1 \/ nin)

1 1
= lim — e ——
n—oo n <\/1+1/n \/1—|—2/n \/1+1>

- mdmz%/l—&—x =2(v2-1).

0

Alternate Solution: Using the Stolz-Cesaro Theorem (essentially the discrete case of L’Hopital’s

Rule), rationalizing the denominator, and looking at the highest powers of n, we have
n 1 1 1 1
lim Zk:l vVn+k _ lim 2n+1 + V2n+2 T Vntl
n—o0 \/ﬁ n—00 vn+1— \/ﬁ
1 1 1
= lim (Vn+1++vn + —
nﬂoo( \/j <\/2n+1 Von+2 \/n+1)
. (zf 2yn  2y/n )
= lim —
Van  V/2n NG
= 2V2-2.

n—oo

7. Let 2016
1 1 1 1
1) ;2]‘7 CTRE TR T T

Find

o0

> fk)

k=2
Solution:

After switching the order of summation, we note that the inner sum is a convergent geometric series.

Thus, we can proceed as follows:

oo 2016 2016 oo 2016 %

ZZ ZZ =2 1o

k2j2 ijZ J:2 J
— .2_.— 7_: f_f.
e Al B A VA D B A A S
1 1+1 1+ N 1 1 2015
1 2 2 3 2015 2016 2016

8. Urn 1 contains 10 balls: 4 red and 6 blue. A second urn originally contains 15 red balls and an
unknown number of blue balls. Joe draws a single ball from the first urn and places it into the second
urn. He then draws a ball from the second urn. Prior to conducting the experiment, the probability
that both balls drawn will be of the same color is 0.5 What is the probability the ball drawn from urn

1 was red given that the ball drawn from urn 2 was red?
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Solution: Let z be the number of blue balls in the second urn. The probability of drawing the same
color ball from both urns is

4 16 6 1
Pr(drawing both red) + Pr(drawing both blue) = (10) (M) + (10> (filG)

Busting out some amazing algebra, we set this to 0.5 and solve for z.

4 16 N 6 z+1 o5
10) \z + 16 10/ \z+16/)
64+6x+6

=0.5
10z + 160
6x + 70 = 5x + 80

z =10

Next, P(Red Draw 1 | Red Draw 2) = P(Red Draw 1 AND Red Draw 2) / P(Red Draw 2)
P(Red Draw 1 AND Red Draw 2) = (4/10) (16/26) = 64,/260.

P(Red Draw 2) = P(Red Draw 1 AND Red Draw 2) + P(Blue Draw 1 AND Red Draw 2) = 16/65 +
(6/10)(15/26) = 16/65 + 90/260 = 64,/260 + 90/260 = 154/260 = 77/130.

P(Red Draw 1 | Red Draw 2) = (64/260) / (154/260) = 64/154 = 32/77.

The rhombicosidodecahedron is an Archimedean solid with faces that are equilateral triangles, squares,
and regular pentagons. It has 60 vertices and 120 edges. If 20 of the faces are triangles and 12 are

pentagons, how many must be squares?

Solution 1: Because it is a solid, it has Euler Characteristic 2, so V — E+ F = 2. Subbing in £ = 120
and V = 60, we find the total number of faces is F' = 62. With 20 triangles and 12 pentagons, that

leaves 30 faces that must be squares.

Solution 2: Let n be the number of squares. Then we can count the number of edges: three in each
triangle, four in each square and five in each pentagon to get 3(20) 4+ 4n + 5(12) = 120 + 4n. Since
every edge is in two faces, this gives 120 4+ 4n = 2(120), which yields n = 30.

Prove that AB — BA # I, for any n x n matrices A and B over the real numbers, where I,, denotes

the n x n identity matrix.

Solution: We consider the sum of the elements of main diagonals. Let A = (a;;) and B = (b;;). Then

the sum of the elements of the main diagonal of AB — BA is Z Z aijbj; — Z Z bija;; = 0 while

i=1 j=1 i=1 j=1
the sum of the main diagonal of I,, is n. Therefore, AB — BA # I,,.



2015 Leo Schneider Student Team Competition

1. Find [§* == da.
Solution. Put u = v/e* — 1. Then

du er w41

dr  2Jer—1  2u

Using u-substitution, our integral becomes

<1 2 < 1
[T o
o u uZ+1 0 uf+1

o0
= 2arctan u|0

- 250

= T.

2. A fair die and an unfair die are in a bag. The probability of rolling a six with the unfair die is 1/4.
One of the dice is randomly drawn from the bag (each one is equally likely to be chosen). A six is

rolled with this die. You roll this same die again. What is the probability that a six is rolled?

Solution. We have either chosen the fair die and need to roll another six, or we have chosen the unfair
die and need to roll another six. Theoretically, if this experiment is repeated 24 times, 12 times the
fair die is chosen and 12 times the unfair die is chosen. Of the 12 times the fair die is chosen, a six is
rolled 2 times. Of the 12 times the unfair die is chosen, a six is rolled 3 times. Thus, the probability
that the die is fair, given that a six is rolled, is 2/5. So, the probability of rolling another six is

113
4 60

o] Do

1,3
6 5

(Alternatively, we can use Bayes’ Theorem to get

iy P(6|fair) P(fair) B 3
Pfair}6) = P(6|fair) P(fair) + P(6|unfair) P(unfair) 1. 1

3. Tom and Jerry decide today that they will not pick on each other on the n-th day if a, = —1 where
a1 =1, a2 =1, a3 = —1, and a, for n > 3 is inductively given by a,, = a,—1a,—3. Will they pick on

each other on the 1776-th day? Prove your answer.
Solution:
Direct computation shows that the first ten terms are

1,1,-1,-1,-1,1,-1,1,1,—1

where the last three terms are the same as the first three terms respectively. Since for n > 3, the
a, is defined in terms of the previous three terms, the sequence is periodic with period 7. Since

1776 = 253 -7+ 5, a177¢ = a5 = —1. Thus, Tom and Jerry will pick on each other on the 1776-th day.



4. For each positive integer k, let

1
A= 0
0

—_ =

1
0
0
(a) Find a closed form expression for the matrix A7 in terms of n. Prove your answer.

(b) Find all ordered pairs (k,n) of positive integers for which A} = Azs.

Solution:

In closed form, AT and A} are given below. Either formula can be proved by induction.

1 2n—-1 1 1 nk+n-1 1
A? = 0 1 0 = A2n—1 Z = 0 1 0 = Ank+n—1
0 1 0 0 1 0

In order to have A} = Az for positive integers (k,n), we must have nk+n—1="75or n(k+1) =
76. Looking at the prime factorization of 76 = 22 - 19, we see that there are only five possibilities:

{(1,38),(3,19), (18,4), (37,2), (75,1)}.

5. Find the limit n
. [(1 + }1)"}
lim | ——2&~—

n—00 e

Solution.First, take the natural log of the n'" term, to get n(nln(1 + ) —1). The limit of this

sequence is —1/2, which can be seen from the MacLaurin series for In(1 + 1/n),

1/n)?*  (A/n)*  (A/n)!

In(1+1/n)=>1/n)— 5 + 3 4 + e
or by applying L’Hospital’s Rule to
. Im(14+2%)-1
lim T n
n—o0 —

2 L

e

6. How many solutions does the equation 20z + 15y = 2015 have over the positive integers?

Thus the original limit is e~

Solution. Dividing through by 5 gives us 4z + 3y = 403. Clearly, z = 100 and y = 1 gives us a
solution. Since 3 and 4 are relatively prime, every time we add 4 to y and subtract 3 from = we get
another solution, and this will cover all positive integer solutions. At most, we can subtract 33 3’s

from 100, so there are 34 pairs of positive integer solutions.

7. A non-empty set of positive integers is said to be square-valued if the product of all of its elements is

a perfect square. How many (non-empty) subsets of {10, 22,30, 42, 55,231} are square-valued?

Solution:

First, factor the integers.

10=2-5 22=2-11, 30=2-3-5, 42=2-3-7, 55=5-11, 231=3-7-11



10.

Any product of some subset of these numbers will be a square if and only if the total exponent for
each of the primes is even. This reasoning leads to the following solutions: {10, 22,55}, {22,42,231},
and {10,42, 55, 231}.

1
For the function, f(z) =In (1 - 2), find the value of:
x

F@2)+ f'3)+ f'(4) + -+ f(2015).

Solution:
Using properties of logs, we rewrite f(z) = In <x2 g 1) =In(r — 1)+ In(z + 1) — 2Inz. Then the
derivative can be written as )

fla)=—tg+—= =2,

r—1 x+1 =z

Then we see that the series telescopes to a sum of

1 g+ 1 " 1 " 1 2 1 1 " 1
2-1 2 3-1 2014+1  2015+1 2015/ 2 2015 2016

Let S be the set of vertices of a regular 36-gon. What is the smallest value of n for which any subset of

S of size n must contain the three vertices of some equilateral triangle? You must prove your answer.

Solution:

Each element of S is a vertex of exactly one equilateral triangle. So S can be partitioned into 12
disjoint subsets of cardinality 3, with each cell exactly consisting of the vertices of some equilateral
triangle. (In particular, if the vertices are numbered consecutively, these subsets are those containing
k, k+ 12, and k 4+ 24 (mod 36).) If we choose 2 vertices from each cell, we can construct a subset of
S of size 24 that does not contain the vertices of any equilateral triangle. However, if we choose any
25 vertices, there will necessarily be 3 in some cell by the Generalized Pigeonhole Principle. Therefore

the answer is 25.

Twenty calculus students are comparing grades on their first two quizzes of the year. The class
discovers that whenever any pair of students consult with one another, these two students received the
same grade on their first quiz or they received the same grade on their second quiz (or both). Prove

that the entire class received the same grade on at least one of the two quizzes.

Solution:

If all the students receive the same score on the first quiz, we are done. Otherwise two students, call
them A and B, received different scores on the first quiz, and hence have identical scores on the second
quiz. Now consider any other student C', who can’t match both of A and B on the first quiz. Hence
C must agree with either A or B on the second quiz, and hence also receives this common quiz two

score. This logic applies to every student, so we deduce they all have the same quiz two score.



2013-2014 CONSTUM Problems and Solutions

1. Find an equation with integral coefficients whose roots include the numbers

(a) V2 + V3
(b) V2 + V3

Solution:

(a) Write z = V2 4+ /3. Then
2?2 =5+2V6 or 22 -5 =2V6.
Squaring both sides, we obtain
x* —102? +25 = 24 or =102 +1=0.

(b) Let 2 = v/2 4+ 4/3. Then
2? =2+2V2-V3+ V9
2 =2v2+43-2V3+3V2-V9+3.
By substituting V3 =x—+/2and

Vo=22-2-2V2-V3=22-2-2V2(z —V2) =2> +2—-2V2z
into the equation for 3, we obtain
2% =2v2 4+ 6(x — V2) + 3v2(z* + 2 — 2v/22) 4+ 3, or

23 4+ 62 — 3 =v2(32%2 +2).

We now square both sides to eliminate the radical and move everything to the left hand side to

obtain

28— 62* — 623 + 1222 — 362 +1 = 0.

2. Let ay, ag, as, -+ be the increasing sequence of positive integers that are not divisible by 2 or 3. The

sequence begins 1, 5, 7, 11, 13, 17, - - - Compute the sum of the following series.

oo

1 1 1 1
ZQan 72a1+2a2+273+'”

n=1

Solution.This series is absolutely convergent, so we may break it up into two series: one with the

terms a, =1 (mod 6) and one with the terms that are a, =5 (mod 6). These are both geometric.

igLfiﬁALk,Jﬁf_ﬁ
20k+1 L2 2\64) 1-1/64 63

k=0 k=0
igLfiij;{;ﬂifi

20k+5 — L«32\64) 1-1/64 63
k=0 k=0

- . 34
So the original series converges to 53



3. It is well-known that

* sinx T
dr = —.
/0 z T3
© /eing 2
[ (o
0 X

Find

22 and dv = x~2 dz, followed by the substitution

w = 2x, gives

Solution. Using integration by parts with v = sin
e} 0O -
sin(2x
+ / (22) dx
0

. 2 .
*® /sinx sin’
dr = -—
0 T r |, T
o .
sin w
= / dw
0 w
— |z
= |Z|

4. Evaluate .
o VAt dt
lim .
Tr—r00 €T
Solution:

Using L’Hospital’s Rule and the Fundamental Theorem of Calculus, we have

pVIEEa_ JiTa
hrn 73: hm —_—.

—00 xX T—00 3:62

Another application of L’Hospital’s Rule gives

Va4 + 4 3

A e T e
1
-1

5. Let f(n) = 25™ — 72n — 1. Determine, with proof, the largest integer M such that f(n) is divisible by

M for every positive integer n.

Solution. The answer is M = 48. Since f(1) = —48, it is clear that M must be a divisor of 48. Using

the factorization 2" — 1 = (z — 1)(z" ! + 2" 2+ .- + 2 + 1) we may write
f(n)=25" —1—T2n =24(25""" + 25" "2 + ... + 25 + 1) — 24(3n).

Whether n is even or odd, this is an even multiple of 24, so is divisible by 48. Thus, M = 48 is the

largest common divisor of all the values of f(n).

6. Choose N elements of {1,2,3,...,2N} and arrange them in increasing order. Arrange the remaining
N elements in decreasing order. Let D; be the absolute value of the difference of the ith elements in

each arrangement. Prove that Dy + Dy + -+ + Dy = N2,



Solution. Imagine the numbers 1 through N colored red and the numbers N + 1 through 2N colored
blue. The increasing arrangement will consist of some red elements followed by some blue elements.
Suppose there are X red elements and so N — X blue elements. The decreasing arrangement will
therefore consist of X blue elements followed by N — X red elements. So the ith elements of the
two arrangements will consist of a “red” number paired with a “blue” number. It follows that D; +
Dy + --- + Dy will be the sum of the blue numbers minus the sum of the red numbers, that is

Di+Dy+--+Dy=[(N+1)+(N+2)+-+2N)]—[1L+2+ .-+ N] = N2

. If n is a positive integer, let r(n) denote the number obtained by reversing the order of the decimal
digits of n. For example, r(382) = 283 and r(410) = 14. For how many two digit positive integers n

is the sum of n and r(n) a perfect square?

Solution:

Let a and b be the digits of n, so that n =10a + b, 0 < a,b <9 and a # 0. Then
n+r(n)=10a+b+10b+a = 11(a +b).

Now n+ r(n) can only be a perfect square if 11 divides a + b. This leads to the following complete list
of solutions:

n = {29; 38;47; 56; 65; 74; 83; 92}.

. Determine the number of three word phrases that can be formed from the letters in MATH ALL DAY.
No “words” can be empty, and words do not have to make sense. For example, MAD HAT ALLY
and T DMALL YAAH are valid phrases, but not HALT MALADY. You do not have to simplify your

answer.

Solution. View the overall task of forming a three word phrase as a two step process. First, we
arrange the 10 letters. Then, we decide where the two spaces go. By the Product Rule for Counting,
the total number of ways to form a three word phrase will be the product of the numbers of ways to
do these two smaller tasks. Because there are three A’s and two L’s, the number of ways to arrange
the letters is 10!/(3!2!). Then we have 9!/(2!7!) ways to choose the two gaps (out of nine) where the

spaces must go. So the total number of three word phrases is given by

0! 9!

— . =3.10' =

3121 g1y — o 10 = 10,886, 400.

. A circle of radius r is inscribed in a right triangle with leg 4r. Prove that the triangle is a 3-4-5 right

triangle.

Solution. We may assume that the radius is 1 and that one leg is 4. Let the triangle be ABC with
right angle at C' and AC = 4. Let P be the point of tangency of the incircle with hypotenuse AB,
let @ be the point of tangency of the incircle with leg BC, and let R be the point of tangency of the
incircle with leg AC'. Since the two tangents to a circle from an exterior point have the same length,
we have AP = AR = 3. Let BP = BQ = x. Then (3 + x)? = (1 + 2)? + 42, Solving, we have = 2,

and the result follows.



10. Recall that the set of real numbers forms an infinite-dimensional vector space V over the ratio-
nals (i.e., the set of vectors are the real numbers, and the set of scalars are the rational num-
bers). Let 2,3,5,7,...,p2014 be the first 2014 prime numbers, and define the vectors vy = In(py)
for k =1,2,...,2014. Let S be the subspace of V spanned by the vectors vy, va, ..., v3014. Find, with

proof, the dimension of S.

Solution:

The dimension is 2014, because these vectors are linearly independent. Suppose, to the contrary, that
the vectors were not linearly independent. Then there exist scalars r1,79,...,72014, not all zero, such
that

7101 + vy + - - - + ro014V2014 = 0.

Multiplying by the common denominator, we get the equation
klvl + /{22112 + ...+ k2014’02014 = 07

where the k; are all integers, not all zero. Consequently, some of these k; must be positive, and some
must be negative. Ignoring the zero-value ks, and segregating the terms with positive k; on the left,
we get

kiyvi, +- -+ kivi, = 05, + ..+ 4G v5,,

where the ¢s are just negatives of the ks that were negative (and hence are positive). Exponentiating

both sides of this equation, we get

ki k

D '1~-~p ik :pé.h...pej

This equation shows a product using one set of primes (p;, , pi,, - - ., pi,) on the left side, which is equal
to a product that uses a completely different set of primes (pj,,pj,,...p;,) on the right. But this
contradicts the Fundamental Theorem of Arithmetic, which states that every integer can be factored

in a unique way into primes.



2013 Leo Schneider Student Team Competition

1. For the arithmetic sequence a1, as, ..., aig, it is known that ay; + ag = a16. Find each subsequence of

three terms that forms a geometric sequence.

Solution:
a1 = a1 + 15d, where d is the common difference, a7 = a1 + 6d and ag = a1 + 8d. Since a7 + ag = aqg,
a1+6d+a1+8d = a;+15d. Therefore, d = a;. Therefore, the i-th term of the sequence a; = a;+(i—1)d,

where 1 = 1,2,3,...,16. Since d = a1, a; = a1 +ia1 —a; = iaq so that a; = lay, as = 2a1, ag = 3aq,....

Consequently, one subsequence forming a geometric sequence is aq, ag, a4 (with a common ratio
r=2). A second subsequence is ai, a3, ag (with a common ratio 7=3). A third subsequence is a1, a4,
a1s (with common ratio r=4). The fourth, fifth, and sixth subsequences are as, a4, ag (r=2); as, ag,

aiz (r=2); as, ag, a1 (r=2);

For non-integer values of r such that 1 < r < 4, we have only r = 5 and r = %, so that addi-

tional sequences are a4, ag, ag and ag, a12, d16

2. Compute the limit:

Solution:

Applying L’Hospital’s Rule, the Fundamental Theorem of Calculus, and the Chain Rule, we get

(I+1)2 Vit d d
t
lim 7‘&2 : = lim 4z v
T— 00 xe T—00 %(.1367")
. 2(z+1)e" T — 2ze
= lim
T—00 ret 4+ e*
lim 2e(x+1) — 2z

=2e — 2.

2
—fx(zﬂ) eVt dt

2




3. Part a. Let f(z) = e®sinz. Find f19(0), the 10th derivative of f evaluated at z = 0.

Part b. Let f(x) = e®sinz. Find f(°13)(0), the 2013th derivative of f evaluated at = = 0.

Solution to part a. If .07 a,2" is the Maclaurin series for f, then f19(0) = 10! - ajo. One way
to find aj¢ is to multiply the Maclaurin series for y = e* and y = sin x together and keep track of the

coefficient of 210, In this way, we see that

2 2 1

a10 = o7y — 571 T =y

o 317t " 55!
Thus, f19(0) = 10laio =[32]:

Solution to part b. It is easy to verify that f(0) = 0, f/(0) = 1, f”(0) = 2, f”/(0) = 2, and
fW(z) = —4f(z). Thus, fRO13)(0) = (—4)2012/4 = _21006 " (Also, this gives us another way to solve
part a: f19(0) = 2(—4)%/* = 32.)

4. Find, with explanation, the maximum value of f(x) = 23— 3z on the set of all real numbers x satisfying

% 4+ 36 < 1322.

Solution:

The condition z* + 36 < 1322 is equivalent to
xt — 1327 436 = (2% — 9)(2® —4) = (x + 3)(z — 3)(z + 2)(z — 2) <0,

which is satisfied only on [-3,—2] and on [2,3]. Since f'(z) = 32> =3 = 3(zx + 1)(z — 1) > 0 on
[-3,—2] and on [2,3], the function f is increasing on both intervals. It follows that the maximum

value is max{f(—2), f(3)} = 18.

5. Let N be a positive integer containing exactly 2013 digits none of whose digits is zero. Show that NN is
either divisible by 2012 or N can be changed to an integer that is divisible by 2013 by replacing some
but not all of its digits by zero.

Solution:

Let N = b1by...bag13 be an integer where each digit b; > 0 (i = 1,2,...2013). Let Ny = 0, and for
any 1 < k < 2013, let Ny denote the number obtained by replacing all but the first £ digits of N by
the digit 0. By the pigeon hole principle, there exists 0 < k1 < ka < 2013 such that N, and N, are
congruent modulo 2013. So the difference Ny, — Ny, is divisible by 2013. Since Nj, — Nj, is obtained

from N by replacing some but not all of the digits of N by zero, we are done.



6. Prove that 2293 4 3 is a multiple of 11.

Solution. Working mod 11, we have that

22013 + 3 = 23 . 22010 + 3
= 8(2°)"%+3
= 8(32)"* +3
= §(—1)"2 +3
= 0.
7. A random number generator randomly generates integers from the set {1,2,...,9} with equal proba-

bility. Find the probability (with explanation) that after n numbers are generated, their product is a
multiple of 10.

Solution:

The product is a multiple of 10 if an only if at least one 5 and at least one even integer have been
generated. If A is the event that a 5 has been generated, and B is the event that at least one even
integer has been generated, then we are looking for Pr(A N B). Letting E’ denote the complement of

an event E, we know that

Pr((AnB)) = Pr(AUB)
= Pr(A)+Pr(B')—Pr(4'NnB).

The event A’ N B’ represents the case in which neither a 5 nor an even integer has been generated,

and consequently Pr(A’ N B’) = (5)". Since Pr(4’) = (§)" and Pr(B’) = ()", it follows that

mcanan~8)'+ () - (3

Pr(ANB)=1-Pr((ANB))=1— (S) - (g) + (3)

and

8. Planet A is going to launch n missiles at Planet B, which has n cities. Each missile will hit exactly
one city. For each missile, the Planet B city that gets hit is completely random. Find the probability

that exactly one city on Planet B will not get hit with any of the n missiles.

Solution:

The probability is (fl)nn' = D@D There are many ways to obtain this. Here is one. The

2nn—2

denominator is n" because this is the number of ways to place n missiles in n cities. The numerator
is the number of ways of placing the missiles such that exactly one city is not hit. There are n ways

to specify the city that does not get hit. There are n — 1 ways of choosing the city that gets hit with

n

2) ways of picking the 2 missiles to hit this city. And there are (n — 2)! ways

two missiles. There are (
of placing the remaining n — 2 missiles into the n — 2 cities, one missile in each city. The product of

these is the numerator n(n —1)(5)(n — 2)! = (3)n!.



10.

Two unit squares stand on the hypotenuse of a (3,4,5)

triangle in such a way that they line inside the triangle,

and a corner of one touches the side of length 3 and a

corner of the other touches the side of length 4, as
shown in the figure to the right. What is the distance

d between the squares?

Solution:
Because the small triangle in the lower left is similar to the (3,4,5) triangle, we know that the side of
4 3

length 3 in the figure has slope 3, so the base of the small triangle in the lower left is 4. The side of

length 4 has slope f%, so the base of the small triangle in the lower right is %. Then
3 4, 1t
4 3 12

Let A and B be 3 x 3 matrices with integer entries, such that AB = A 4+ B. Find all possible values
of det(A — I). Note: The symbol I represents the 3 x 3 identity matrix.

Solution:

The given equation is equivalent to
AB—A-B+I=1 orto (A-I)(B-1)=1.

Since the matrices have integer entries, the determinants of A — I and B — I are integers, and the last
equation implies that det(A — I) = det(B — I) = +1. Both cases are possible: if A = B = O, then
det(A —1TI)=det(—I) = —1, and if A= B = 21, then det(A — I) =det(I) = 1.
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